Adaptive Passivity-based Synchronization of
Spatiotemporal Neural Networks with
Multi-weighted Coupling under Spatially Point
Measurements

Haoyun Tang!, Haodong Cui', Mingyu Ma'!, Cheng Hu':?, and Tingting Shi'

L College of Mathematics and System Science, Xinjiang University, Urumqi 830017,
China,
% Xinjiang Key Laboratory of Applied Mathematics(XJDX1401), Urumgqi 830017,
China
hucheng@xju.edu.cn.

Abstract. This article focuses on the adaptive synchronization of spa-
tiotemporal neural networks with multi-weighted coupling based on the
theory of passivity. Firstly, based on the spatial point measurements,
an innovative adaptive spatial sampling controller is developed. Sub-
sequently, by utilizing variable rearrangement technique and passivity
theory, several passivity and passivity-based synchronization criteria are
derived for system with mismatched input and output dimensions. More-
over, the weighted union matrices of all coupling layers are assumed to
be irreducible, which relaxes the previous requirements for each coupling
matrix. Finally, a numerical example is presented to validate the effec-
tiveness of the obtained results.
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1 Introduction

Coupled neural networks (CNNs) have attracted considerable attention due
to their ability to integrate intrinsic node dynamics with complex network be-
haviors. This unique characteristic has enabled their successful applications in
various domains, including secure communication, image recognition, and sig-
nal processing. Notably, many real-world systems, such as social, email, and
transportation networks, can be effectively modeled as multi-weighted CNNs
[1], where each node is associated with multiple weights. For instance, individ-
uals can interact through platforms such as Instagram, Facebook and Twitter,
illustrating the multi-weighted nature of network couplings. Compared to single-
weighted models, multi-weighted networks provide a more detailed representa-
tion of interrelationships [2], making their study both valuable and promising.

Furthermore, reaction-diffusion equations, a fundamental class of partial dif-
ferential equations, describe the spatial propagation of information and play a
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crucial role in various practical applications. As a result, the dynamic behav-
iors of reaction-diffusion neural networks have attracted widespread research
interest in recent years [3]. By incorporating reaction-diffusion mechanisms into
multi-weighted CNNs, researchers can gain a more comprehensive understanding
of network dynamics, thereby expanding their potential applications [4]. Such
models are widely used in biological pattern formation, neural activity modeling,
and image processing.

Passivity and synchronization are two critical dynamical behaviors in multi-
weighted coupled reaction-diffusion neural networks. Passivity, a fundamental
concept originally introduced by Bevelevich in circuit analysis [5], is a special
case of dissipativity. In a passive system, the energy stored is always less than
the energy supplied externally over a given period [6], ensuring that the system
cannot generate energy independently but only dissipates externally provided
energy, thereby guaranteeing internal stability. Due to its widespread applica-
tions in mechanical systems, power networks, and various other fields, the study
of passivity in multi-weighted CNNs with reaction-diffusion term has attracted
growing attention. For instance, Wang et al. [7] investigated passivity in multi-
adaptive coupled fractional-order reaction-diffusion neural networks. The event-
triggered passivity problem of multi-weighted coupled reaction-diffusion mem-
ristive neural networks was addressed by Huang et al. in [8]. Furthermore, by
reformulating the synchronization problem as an error system stability analysis
with input and output, passivity provides an effective framework for address-
ing synchronization challenges. Wang [9] established synchronization criteria for
multiple-derivative coupled reaction-diffusion neural networks based on the re-
lationship between output-strict passivity and synchronization. Additionally, by
leveraging output-strict passivity, Wang et al. [10] achieved synchronization in
multi-weighted coupled neural networks.

Since multi-weighted CNNs usually do not exhibit passivity on their own,
some control strategies are required to ensure their passivity. These strategies
include impulsive control [11], pinning control [12], and feedback control [13]. To
prevent the issue of excessive gain during control, this paper introduces adaptive
control to achieve passivity and synchronization. Adaptive control, an important
control technique, has been widely employed in multi-weighted CNNs in recent
years [14,15]. Yang et al. [14] proposed an edge-based adaptive control strat-
egy to achieve finite-time passivity and finite-time synchronization of coupled
fractional-order memristive neural networks with multi-state couplings. Wang
et al. [15] employed node- and edge-based adaptive event-triggered control to
address the lag outer synchronization of multi-weighted CNNs. It is worth not-
ing that all the above results impose adaptive control on the full domain. How-
ever, in practical applications, the complete full domain information is often not
available, so this paper introduces adaptive sampling control, which has better
applicability.

Inspired by the above, this article explores the passivity-based synchroniza-
tion of spatiotemporal neural networks with multi-weighted coupling via adap-
tive spatial sampling controller. A spatiotemporal neural network with multi-
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weighted coupling is first constructed. Secondly, an adaptive spatial sampling
controller is proposed, which dynamically updates the control gain and is more
cost-effective and convenient than full-domain control [16]. Based on Lyapunov
method and passivity theory, several passivity and passivity-based synchroniza-
tion criteria are derived for the multi-weighted spatiotemporal neural networks.
Specially, the strong irreducibility requirement of each coupling layer in [17] is
relaxed to the irreducibility of the weighted union matrices in light of the variable
rearrangement technique.

Notations: R>( represents [0, co], matrix W > 0 indicates that W is positive
definite. W7 is the transpose of W. [W]® = W Amin(W) is the minimum
eigenvalue of W. diag{-} is a diagonal matrix. For any vector v = (v1,va,...,
vn)T ER", |lvl2 = (Z?:l v?)% For any ¢(t,9) = (p1(t,9), p2(t,9), . . ., pn(t, 7))
€ R™, Nt Dlliasy = (fy iy 3 (2,9)d0)3.

2 Preparation and Problem Formation

Consider a kind of spatiotemporal neural networks with o-weighted cou-
plings, which is represented by

Opi(t,9) _ it V)

o N
+chng?jpn¢j(tvﬂ) +Iz(t,19) +ui(tv 79); (1)
n=1j=1

where (£,9) € R0 x (a,b), i € T, N, @i(t,9) = (p}(t,9), p2(t,9), ..., o1t 9))" €
R™ is the state of the i-th neural network, f(¢i(t,9)) = (f' (@i (t,9)), £2(£; (t,9)), ...
L (o (¢, ﬂ)))T is the nonlinear activation function, Z;(¢,9) € R"™ represents the
external input, u;(t,9) € R™ is an adaptive spatial sampling controller. D =
diag{ds,ds,...,d,} > 0 is the diffusion coefficient matrix, A = diag{a1,aq, ...,
an}, ag > 0 denotes the potential decay rate of the ¢-th neuron toward its rest-
ing state, B = (bij)nxn is the synaptic connection weight matrix, ¢? > 0 and
I = diag{y!,~4,...,77} > 0 are the coupling strength and the inner coupling
matrix of the n-th coupling, G" = (gl"j) NxnN 18 the outer coupling matrix of the
n-th coupling, where gfj > 0 (i # j) indicates a direct link from the node j to

) N
the node 4, and gj; = — 3", ;. 97
The Dirichlet boundary condition and the initial state of system (1) are given

by

(2)

@i(t’ a) = @i(t’ b) = 0p,
©i(0,9) = ¢i(V),

where ¢;(9) = (¢1(9),92(9),..., o0 (9¥))T € R™ (i € 1,N) is the continuous

initial value function.
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Assumption 1. For all p, ¢* € R™, there exists a constant L. > 0 such that the
nonlinear function f(-) : R™ — R"™ satisfies

17(0) = F(@*)ll2 < VI]e = ¢* -

Assumption 2. For any £ € T,n, G is irreducible, where G(*) = 22:1 1y gn.
Remark 1. In [17], each coupling matrix is assumed to be irreducible, which
implies that the corresponding communication topology is strongly connected.
Notably, this paper relaxes that assumption by requiring only the irreducibility
of the weighted union matrix formed by all coupling layers. This weaker condi-
tion ensures that the overall communication topology, represented by the union
matrix, remains strongly connected.

Under Assumption 1, the matrix G(©) has a simple zero eigenvalue, and there
exists a vector £ = (¢f &5, ... &) € RN with ¢4, > 0 (m € 1, N) such that
(GNTeW® =0y and Zi\il ¢f = 1. Based on £ the target is defined as

Z £t (t,9) € R0 % (a,b),

where @¢(¢,9) € R, £ € 1,n.
Define ¢! (t,9) = p4(t,9) — @*(t,9) € R. From equations (1) and Q(Z)Tﬁ(‘]) =
Oy, one obtains

dt(t,9) J %L (t, )
ot Tt o2

N n
+sz5fs @i (1,9)) Zf > beaf* (P (t:9))
m= s=1

N
+ITHEY) = > LT () + ul(t,9) — Zg
m=1

- afgi[(ta 19)

+ Zchg?j%’g@f(t,ﬁ), i€c1,N,/c1,n. (3)
n=1j=1

To explore the passivity of system (3), its output is given by

yl(taﬁ):sz(taﬁ)_FQiz(taﬂ)a (XS 1aN7 (4)
where yt(t7’l9) = (yzl(t 19) - Y (t ﬂ))T € va gl(taﬂ) = (gil(tvﬂ)a EERY (t 19))
€ R, ji(tvﬁ) (Il(t 79) zn(tﬂg))T e R", ff(t,ﬁ) = If(t,ﬁ) - Zm:l gren
Tt (t, 9), and P,Q € Rpxn
Denote

T(t,0) = ((f(l)(t, 9)", (@0, ..., (f(")(t,ﬁ))T)T e R,

IO 0) = (THE D), D), .. Th (1, 9)) € RY,
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. T
At 9) = ((0(1)(15,19))T, O, 9)",..., (0™ (t,ﬂ))T) e RPN,
OOt 9) = (1(t,9). ya(t, 9). ..., iy (t.9)) € RY.
Definition 1 [16]. System (3) with input vector Z(t,9) € R™Y and output

vector @(t, ¥) € RPYN is said to be strictly passive if there exist a storage function
W (t) and matrices H € RPVN*™N 0 < Hy; € R™VX"N and 0 < Hy € RPV*PN

such that for any t € R>o, 1&1(752 > 0. BesiAdes, system (3) is output-strictly
passive (input-strictly passive) if o (t) > 0 (¢3(t) > 0), where
/o (t, 9)HI (¢, 9) dY — / (t, 0)H1Z(t, ) dv) — /o (t,9)H2O(t,9) dv — W (2),
1/12(16):/ O (1, 9)HI(t, 9) d9 — / O (1, 9V HA O, 9) dd — W (1),
= / OT (t,9)HL(t,9) dv — / 7 (t, 9)H2Z(t,9) d) — W (t).
Lemma 1[18]. For any scalar ¢ > 0 and vectors «, 8 € R"™,
2078 <eala+ e 1578.

Lemma 2[19]. Given a square-integrable vector function ¢ : [a,b] — R"™ satisfies
w(a) =0 or p(b) =0, and a matrix 0 < M € R™*™. Then,

[ oo mptera < O [ (j{g’)TM (55) ae

Moreover, if ¢(a) = ¢(b) = 0, then

[ eteraperac < 0 [ (32 0 () ac

3 Main results

In this section, the passivity and synchronization of spatiotemporal neural
networks will be analyzed by designing adaptive spatial sampling controller. For
convenience, define

P=Poly, Q=QalIy, A® =diag{el €, ... 57,

A= diag{AD, A AW} g RPNxnN,

A set of fixed points ¥, is chosen such that a =99 < ) < -+ < ¥, <

Om = b, [9p,9p41) is the sampling interval and 9, = %

Assume that  sup {¥p41 —V,} =0 > 0.
pe0,m—1

is sampling point.
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The adaptive spatial sampling control controller is formulated as

ue(t v) = 7’€i(t719)<‘€(t719 )s

where k;(0,9) > 0,7 € 1,N, £ € 1,n. Denote k = I,, ® diag{x1, K2, . . .,

3.1 Passivity

0 € [9p,0pt1), pE0,m—1,
O = STy 0l (L, 0)E (1, 0,), 0 € [9p, Dpya), p €0, m — 1.

()

Iﬁ:N} 2 0.

Theorem 1. Under Assumptions 1-2 and adaptive spatial sampling controller
(5), there exist matrices H € RPNV 0 < H; € R™WX™N and 0 < Hy €

RPNXPN guch that system (3) is strictly passive.
Proof. Pick a Lyapunov function

N 1 b 2
:Ut)—f—;%/a (:‘ii(t,’lg)—l'ii> dig,
and

n b T
%2 / (s9t,9) 49O, 9)av,
(=172

where t € R0, = (s£(t,9),..., sk (t,9)" € RN, €T m,i(t,0) =

(@9, ... (@ (E,9)TT e RN, k¥ > 0.
Take the derivative to W(t) along error system (3),

N n b 2
Wi =33 [ elsn) [dz% ~ ars(t,9)

i=1 (=1

+Zbesf5 (pi(t,9)) Zble 9))
s=1

+szsf Zﬁf Zbesfs 05 ()
o N

Y gt 9) + it 9) + ui (4 9) Zg
n=1j=1

Ok (t,9)
+Z/9 (s(t,9) — 1) =52 d0.

(<, o7,

(7)

From the Dirichlet boundary condition (2) and applying integration by parts,

in

=1 /=1

9%/ (t,0)
/ < (1, 0)dg =5 5=
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Notice that

N N
> gt ) =) & [% (t,9) nggom (t 19}
=1 1=1

which implies that

N n N n
SO el () [Zbgs () = D e D besS (Pt )] =
i=1 4=1 m=1 s=1
N n
Sl S ]
Let

= diag{\/€", -, /&' st ) €R
F(i(-,9)) = diag{\/€]', - , VE (@i D)) — f(@(-,9))) € R™.

From Assumption 1 and Lemma 1,

IECUEPILE 73t 0) = (7 (1 9))]

N - N
T ~
g BB"S(t,9) + 5; F(si(t,9))
yaler
2

IN

[\D\H l\')

(t,ﬂ)/l( BBT @ In)E(t, D) + T(t,9)A(t,9).

Along with the controller (5),

N n b
Ok (t,9)
e Z (2 b

‘ Z/agl(tﬁ) t19d19+2/9mt19 ) v
i=1 ¢=1

N n b

—- 33 [ el (6. 9,)a.
i=1¢=1"%

— e — —
Due to ¢f(t,7,) = < (t,9) fj 8§i8(;’s) ds, ¥p41 — U, < 3 and 9, — 0,
in view of Lemmas 1, 2,

n

b
—et 303 [ el 003,00
=17

1=1 f=
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b b 9 ~
__ m*/ T (1,9) AL(t, 9)d0 + /@*/ T (t,0)A (/ &ézs)dS) 49
a a Ip

b p+1
g—n*/ T(t,9)A(t, 9)dY + x* = Z/ T(t,9)A(t, 9)dd

bk 5 [ / " (et - <t A (<0, 9) - <t0,5,))a0

=0 »
+ L o (st —<(t.9,)) a(s(e9) - <t 5p))d19]
€2

b
< w1 E)/ T (1,9)AS(t, 9)d0

bty [ (PO 4 (RDN a0

Substituting formulas (8)-(10) into (7) yields,

—ii(t) < /b AT(t 9)TE(t,9)dd + /b ¢T(t,9) @A + PT[Ho*Q — ;’H,TP> Z(t,9)dv

a

( A+ QT [H*P — ;HTP> &(t, 9)dw

+

/i (t,9)d0 (QT [Ha]*Q + [Hi]* — [QTH]*) Z(t,¥)dV

( V) al(GEm o) on] (457 e

9)QE(t, 9)dv,

a

where E(t,9) = ( (t,9), 2(t,9), 2 ))T,T = —PTH,P + [AG) — AKA -

BE- _ EIQLIR) @Iy +r*(1— 622)],

T 12 0 1 1
=025 20 0 |, 212= §A+PT[H2]SQ - §HTP,
0 0 23
T s s T s H*52
922 - Q [HQ] Q + [Hl] - [Q H] 5 933 - A WIT, - D ® IN .
By selecting £* such that {2 <0, one has 1&1(15) > 0. (]

Corollary 1. Under Assumptions 1-2 and the adaptive spatial sampling con-
troller (5), there exist matrices H € RPN*"N and 0 < H; € RPY*PN such
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that system (3) is output-strictly passive. Moreover, there exist matrices H €
RPN*N and 0 < Ha € R™>*™N guch that system (3) is input-strictly passive.

3.2 Passive-based synchronization

Definition 2. The spatiotemporal neural network (1) is asymptotically synchro-
nized if
li q =0.
im (IS 9) o) = 0
Theorem 2. Under Assumptions 1-2 and adaptive spatial sampling controller
(5), the spatiotemporal neural network (1) with Z(¢,9) = 0, is asymptotically
synchronized if the error system (3) is output-strictly passive and PTHyP > 0.
Proof. Picking the same Lyapunov function W (t) as Theorem 1. Under the

adaptive controller (5), the error system (3) is output-strictly passive which
obtained by Corolllary 1 that

b b
mﬂg/@@memw—/@%ﬁmmmmw
When f(t,i?) =0,y and PTH,P > 0,
) b b
W(t) < — / ST (t,9) PTHo PE(t,9)dY < —Ain (PT H2 P) / ¢t 0)e(t,9)d < 0.

(11)

which means that W (¢) is bounded.
Next, the fact tli}rn f; ¢T'(t,9)¢(¢,9) ¥ = 0 will be proved. If this is not true,

assume that there exists a pu > 0 satisfying tlim f; ST (t,9)¢(t,9) dY = p. Then,
— 00

there exists a real number M > 0 such that

b
/ Tt D)5l ) do > B>

From (11),
: b [ Amin (PTHo P)
W(t) < f)\min(PT”H2P)/ sT'(t,9)s(t,9)dv < SR, 2 M,
(12)
By integrating (12) with respect to t over M to oo,
© pAmin (PTHo P
—angwma»—wm@<—/ &4J?i22&:_m
M

which is inconsistent with the boundedness of W (). Therefore, tlim llS(t, )jap) =
—o0

0.
The proof is completed. i
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4 Numerical Simulations

Consider a kind of spatiotemporal neural networks (1) with 3-weighted cou-
plings, where ¢t € R>q, ¥ € (0,10), D = 0.6I3, A = 0.713, f(p) = tanh (¢), ¢! =
¢ = 0.15, & = 0.25, I'" = diag{0.1,0.2,0.1}, 1" = diag{0.25,0.2,0.3}, ['* =
diag{0.25,0.1,0.3}, ¥ € [0.1p,0.1(p + 1)] (p € 0,99), the boundary ¢;(0,0) =
©;(0,10) = 03, initial conditions ¢ (&) are given as arbitrary constants in [—50, 50]
for ¢ € (0,10), The output and input vectors are defined as O, (t,¥) = Pg;(¢t,¥)+
QZ;(t,9), i € 1,5, where P = 5I3 and Q = 2I3, and Z;(¢,?9) = [0.05: sin(§ +
) c0s(0.05t),0.1i sin(Z + z) cos(0.01¢), 0.15i sin(5 + x) cos(0.01¢)]7,

3 12 21
B;=([-153 36
—2712 —-1.8
[T T N
e — 0.9 ) 9 i
i T <06 0.6 !
| g L e
R / [-/ \'\_
o \ ! @ ) 5
21 g4 1 ] emem—— A\
i \ 0.1 /0: : oo } 2 \ I
! 4 5 i | \ i
. s ! & |
( ———————— o \ | 4 5 i
i 1 2.5 2 3 i I\ /,'
1 e .

: “k / i

4 5 i
S 7

(I) The topology of each layer (IT) The union topology of system (1)

Fig. 1. The joint connectivity

It follows that the topology of system (1) is illustrated in Fig. 1, the weighted
union communication topology is strongly connected. A straightforward cal-

culation yields L = 1, and the vectors €1 = ¢2) = £B) = 0.215 satisfy
T

(G e = (@)@ = (@) ¢ = o,
Case 1. Choose £; = 8.5, 69 =1 and 0, = 4.7 (i € 1,5),
0.5229 0.0464 0.0176 0.1269 —1.2810 —0.4847
H = |0.0464 0.2813 0.3027| ® I5, H; = [1.3019 0.0727 —8.3579| ® I,
0.0176 0.3027 0.7195 0.4926 8.4937 0.1710

0.2677 —0.0744 —0.0282
Ho = |0.1261 0.1330 —0.4855| ®Is.
0.0477 0.8230 0.3773

Under the adaptive spatial sampling controller (5), from Theorem 1, the
strict passivity of error system (3) is realized and shown in Fig. 2 and Fig. 3.
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(I, 9) 1010
ARl Sl (X1 P83
Ot 9)lj0.10

s o

),
10,
0)

S

t

Fig. 3. Spatialtemporal evolution of control gain x changes in Case 1

Case 2. Choose ¢; =8.5,e0 =1 and 0, = 4.7 (i € 1,5),

0.5242 0.0462 0.0175 0.2691 0.0267 0.0099
H = |0.0462 0.2834 0.3016 | ® Is, Ho = [0.0250 0.1345 0.1694 | ® Is.
0.0175 0.3016 0.7200 0.0097 0.1680 0.3786

11

Under the adaptive spatial sampling controller (5), from Corollary 1, the
output-strict passivity of error system (3) is realized and shown in Fig. 4 and

Fig. 5.

"t 9) oo
=== 102000
109, 9)llj0.10

dalt)

.
:
=
10l il

0 1 o1z 13 14 15

t

Fig. 4. Evolution of function (¢,9) and error ¢(t,?9) in Case 2
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T
| |
2

t

Fig. 5. Spatialtemporal evolution of control gain k changes in Case 2

Case 3. Let e =7,ea=1and §;, =5 (i € 1,5),

0.1240 —0.0086 —0.0038 0.0352 —75.1595 —120.6295
H = |[—-0.0086 0.1654 —0.0570| ®Is,H; = | 75.1554 0.0457 —485.5432| ®Is.
—0.0038 —0.0570 0.0830 120.6279 485.5163  0.0262

Under the spatial sampled-data controller (5), from Corollary 1, the input-
strict passivity of error system (3) is realized and shown in Fig. 6 and Fig. 7.

115, D)0

o === I oo
| 19, 9) o0
“1 12O 9.0
ol 12t 9) 010
| 120t 9) o0
2 —— 100t V)10
! - -~ - 109(t,9)l|g
2 109, 9o

=

o

—ra(l,
—

K3

—ra(l,

BTRESER
gree
T

—— ks

t

Fig. 7. Spatialtemporal evolution of control gain x changes in Case 3

Next, the adaptive passivity-based synchronization of the spatiotemporal
neural networks (1) is verified. Fig. 8 shows that the spatiotemporal neural net-
works (1) fails to achieve synchronization without control. Under the adaptive
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spatial sampling controller (5), the error system (3) is output-strictly passive in
Case 2. When Z(¢,4) = 015, the system (1) is synchronized through Theorem 2,
which is illustrated by Fig. 9.

Sl(t,5)
5 o

L5.6cT3)

Fig. 9. Synchronization evolution under the adaptive spatial sampling controller (5)

5 Conclusion

This paper investigates the passivity and synchronization of spatiotemporal
neural networks with multi-weight coupling via adaptive spatial sampling con-
trol. The proposed strategy integrates spatial sampling and adaptive control,
reducing control costs and enhancing practical applicability. By constructing an
appropriate Lyapunov function and utilizing variable rearrangement techniques
with passivity theory, several passivity and synchronization criteria are derived.
Numerical simulation is conducted to verify the effectiveness of the theoreti-
cal results. Future research will explore finite-time passive synchronization of
spatiotemporal neural networks under adaptive spatial sampling control.
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